Abstract-This paper addresses the space-time code design for Rayleigh-fading channels using continuous phase modulation (CPM). General code construction is desirable due to the nonlinearity and inherent memory in CPM signals which make hand design or computer search computationally impractical. Several sufficient conditions for full rank are identified for CPM signaling schemes and for linear representations of CPM modulation. Simulation results verify the resulting performance.
I. INTRODUCTION
O NE OF THE major challenges in wireless communication is to overcome multipath fading. The severe attenuation that can result from channel fading makes it impossible for the receiver to reliably determine the transmitted information unless some kind of diversity resource is used. The studies by Telatar in [1] and Foschini and Gans in [2] have shown the enormous capacity and performance promised by multiple antenna systems in fading channels. Transmit diversity-space-time coding, has turned out to be a very effective diversity strategy [3] - [7] . The design criteria for space-time coding in quasi-static fading were originally formulated to optimize the worst case pair-wise error probability (PWEP). PWEP is a function of the rank and the product of nonzero eigenvalues of a "signal matrix" defined by the pairwise error event [4] , [5] . In quasi-static fading, this signal matrix is a function of the codeword difference matrix of the error event. Further work has shown that the "Product Distance" spectrum of a space-time code is a more complete characterization of the performance with a small number of receive antennas ( 4) [8] and the Euclidean distance spectrum is a more complete characterization of the performance with a large number of receive antennas ( 4) [9] - [11] . All design criteria proposed for space-time coded systems have been for linear modulations.
In [4] , Tarokh et al. further present some simple design rules that guarantee full diversity for linear modulations with two transmit antennas. Full diversity is the condition that all error events associated with the code have a rank equal to the number of antennas. These design rules are extended to any levels of diversity by constraining the codeword difference matrices to be upper or lower triangular [12] , [13] which is referred as zeroes symmetry. Coding with linear modulation to achieve full diversity implies a restriction on the achieved rate and the code complexity. However, these design rules have been shown to be sufficient but not necessary to guarantee full diversity. In fact, there are space-time trellis codes which achieve full diversity that violate these rules while having a better coding gain [12] , [14] . Based on the rank and determinant criteria many researchers have proposed space-time trellis codes for linear modulation which have resulted from a computer search [12] , [14] , [15] . The main obstacle in deriving general space-time trellis code design rules is that the diversity gain and coding gain criteria are defined over the complex "signal matrix," whereas the traditional code designs are carried out in finite fields or rings. Recently, research on systematic design procedures for space-time trellis codes in quasi-static fading has been investigated. In [16] , binary rank criteria that ensure full diversity for binary binary phase-shift keying (BPSK) codes and quaternary phase-shift keying (QPSK) codes are presented. In [17] , the rank criteria are generalized for higher order quadrature amplitude modulation (QAM) constellations. Since the criteria are on the generator matrix pertaining to the unmodulated code words over the finite fields or rings, the search for space-time trellis codes can be greatly simplified.
For both power and bandwidth limited communication links such as mobile satellite communication, continuous phase modulation (CPM) has been an attractive scheme for digital transmission [18] , [19] . The constant envelope of CPM signals makes it possible to use low-cost, nonlinear power amplifiers. On the other hand, CPM maintains phase continuity through an introduced memory to achieve bandwidth efficiency. The cost of this memory is to produce a more complex optimum demodulator.
Combining CPM with space-time coding (ST-CPM) can provide better performance in wireless links. ST-CPM code design is more difficult than linear modulation due to both the nonlinearity of the modulation and the more complex resulting performance metrics. In this paper, we first derive the design criterion of ST-CPM for quasi-static fading and similarly as in linear modulation we define the signal matrix associated with the PWEP. We can see that the computation of the signal matrix both involves complex integration and depends on the particular CPM scheme. Due to the memory inherent in CPM signal, the whole system is much more complicated than its linear modulation counterpart. Computer search for codes in CPM system is not easy and is computationally challenging. It is desirable that some general code constructions be proposed to guarantee full diversity. Fortunately, through the linear decomposition of CPM signals [20] - [22] , we are able to identify rank criteria for certain CPM schemes which include GMSK, used in GSM standard, as a special example. It should also be pointed out that the space-time block codes proposed in [6] , [7] , [23] can not be generalized to CPM signals easily as both orthogonality and phase continuity of the CPM waveforms need be achieved.
This paper is organized as follows. Section II gives the system model. Performance criteria are presented in Section III. In Sections IV-V, the general rank criteria are derived. Simulation results are provided in Sections VI and VII concludes.
II. SYSTEM MODEL
In this paper, we consider a mobile communication system equipped with transmit antennas and receive antennas. In the transmitter block diagram shown in Fig. 1 , the information bits are input into the space-time encoder to get streams of data, . Each stream of data is used as the input to a CPM modulator. The modulated signals are simultaneously transmitted from transmit antennas. Consequently, the signal received at each receive antenna is a noisy superposition of the transmitted signals corrupted by a corresponding Rayleigh fading and an independent zero-mean complex additive white Gaussian noise (AWGN).
A simple space-time CPM (ST-CPM) model is considered. First, we assume quasi-static fading. Though utility might exist in using different CPM formats in a ST-CPM system, this paper will limit itself to considering schemes that use the same CPM format at each transmit antenna (with a single modulation index). With these assumptions the signal received by antenna , can be given by [19] (1)
's denote the channel gain between transmit antenna and receive antenna , is the modulation index, is the phase smoothing response function with memory length , is the symbol time, is the symbol energy, and is the AWGN at the th receive antenna with single-sided power spectral density being . For quasi-static fading the channels are modeled as independent complex Gaussian random variables of variance 0.5 per dimension. Denote 1 the original information sequence , the coded space-time M-ary signals with a matrix and the space-time modulated pulse amplitude modulation (PAM) with a matrix . In parallel to the prior work with linear modulation, the code symbol matrix has columns which correspond to the transmit antenna and rows corresponding the time intervals, i.e.,
where is the th modulation symbol of the th antenna and is the frame size in terms of symbol time. Similarly, the codeword matrix is defined as
Note that and . CPM is a nonlinear modulation that is defined by a phase trellis. With rational modulation indices, say , where and are relatively prime integers, at each symbol time is constrained to lie on a trellis, i.e., (6) where mod and (7) The state at time for each transmit antenna is defined as (8) 1 A represents a scalar term,Ã represents a vector and A a matrix.
Assume the space-time coding is feedforward 2 with constraint length , then the overall transmitter can be represented by a super trellis with the state at time being (9) III. DESIGN CRITERION Optimum demodulation of ST-CPM is a maximum-likelihood (ML) sequence demodulator (MLSD). When denote 3 as the signals received from all antennas. For the given model the ML metric of codeword matrix in the presence of perfect channel state information is (10) The union bound utilizing the PWEP is the typical method to analyze the performance of a MLSD. The PWEP is the probability of a code symbol matrix having a larger metric than the transmitted code symbol matrix and is denoted as . The PWEP is mathematically expressed as (11) Noting that given is transmitted
Expanding the magnitude-square reduces each of the conditional ML metrics to a quadratic form of complex Gaussian random variables. More specifically, denote
. . .
2 Feedback coding can be accommodated in a similar fashion. 3 In this paper, capital letters denote random variables while the lowercase denote realizations. We will also use subscripts to distinguish different codewords.
where (17) and is just the signal matrix defined as
with (19) is the continuous time difference between the transmitted signal and the decoded signal on the th antenna. The quadratic form of PWEP is then (20) The tools of quadratic forms of complex Gaussians allow a closed form analysis of the PWEP. Following the similar method in [24] , it can be shown that the PWEP can be upper bounded by: (21) where are the nonzero eigenvalues of the signal matrix , is the number of its nonzero eigenvalues. Equation (21) shows that the performance and design of ST-CPM have a direct analogy to the performance and design of space-time coded linear modulation [4] , [24] . Consequently, all the literature and the derived insights (rank criterion, determinant criterion, etc.) for space-time linear modulations are directly applicable with only the consideration of a different "signal" matrix (18) .
IV. DESIGN RULES
The characteristics of for CPM produce a more difficult design problem than encountered in linear modulation. The matrix requires a time integration which is a function of the particular CPM format to evaluate each entry of the matrix. Completing a computer search would be prohibitively expensive for all but the simplest situations. Here we concentrate on the diversity level of ST-CPM as this is usually the most dominant characteristic. In order to arrive at an alternate way to check full diversity, we propose the following proposition.
Proposition 1: A necessary and sufficient condition for to be full rank is to make (22) for all complex field unless .
Proof: Given in Appendix A.
Proposition 1 states that full spatial diversity is guaranteed if and only if the waveform differences from all transmit antennas are linearly independent over the complex field. It also indicates that the initial phase offset for each transmitter will not change the performance, hence for simplicity, we assume all phase trajectories start at a common phase. Dealing with (22) 
where represents a vector of all zeroes. The operations denoted by (23) are over a finite field that is a characteristic of the trellis code.
Since the nonlinearity of CPM signals makes it hard to arrive at some general code construction, linear decomposition is used. In [20] , Rimoldi has shown that any CPM system can be decomposed into a continuous phase encoder and a memoryless modulator in such a way that the former is linear and time invariant (modulo some integer ) and the latter is also time invariant. With this linear decomposition, we can identify some exact general code construction for certain CPM schemes by applying the rank criteria available in linear modulation given in [16] . The exact performance of a given space-time code will be determined by its product distance spectrum [8] , but that is not pursued in this paper.
A. Decomposition of CPM
Reference [20] introduces the tilted phase function 4 as (24) 4 Here, we consider the single antenna case to simplify the discussion.
where is the corresponding M-ary symbols. The physical tilted phase which is the tilted phase modulo 2 (denoted as ) is given as (25) where (26) and means modulo . Here, with a slight abuse of notation, is written as , where and are relatively prime. The introduced physical tilted phase is now time-invariant and it is completely specified by where
When is a power of , i.e., and is an integer, only depends on the least significant digit (LSD) of the input, that is (28) (29) As is linear on the , the continuous phase encoder (CPE) then takes the form in Fig. 2 and the memoryless modulator is a mapping transforming to the time function .
B. Full Response 2 -ary CPM With
Theorem 1: Let be a linear space-time code with . Suppose that the binary projection of every nonzero 2 -ary codeword is a matrix of full rank over the binary field . Then, for any full response 2 -ary CPM with , the space-time code achieves full spatial diversity .
Proof: It can be observed that a sufficient condition to make (22) hold is to make the following matrix:
full rank, which corresponds to the in the memoryless mapping in the decomposition. For , the th channel CPE is a differential encoder in with input being and the physical tilted phase at is a 
and rank rank . The differential encoder is a nonsingular transformation in which does not change rank property, applying the BPSK binary rank criterion in linear modulation we can arrive at Theorem 1.
C. Full Response 4 -ary CPM With and
Theorem 2: Let be a linear space-time code over with . Suppose that the projection of every nonzero code word satisfies QPSK binary rank criterion, then for any 4 -ary CPM with and , the space-time code achieves full spatial diversity .
Proof: For full response 4 -ary CPM with and , the approach in the proof of Theorem 1 applies similarly, the only difference is that the differential encoder is now defined on and the memoryless mapping at time is a QPSK mapping from . Applying the QPSK binary rank criterion in linear modulation we can arrive at Theorem 2.
D. Binary 2RC and Binary 2REC With
Theorem 3: Let be a linear space-time code with . Suppose that every nonzero binary code word is a matrix of full rank over the binary field . Then for binary 2RC and 2REC with , the space-time code achieves full spatial diversity .
Proof: Things get more complicated when the partial response is concerned. With binary input and memory length being two, the physical tilted phase at time is given as (34) where (35) For both 2RC and 2REC, and the memoryless mapping can be regarded as a QPSK mapping from ( ). is a constant which only rotates the constellation but does not affect the rank property. As long as the original binary code satisfies BPSK rank criterion, we can apply [16, Th. 32] which states: if and are binary space-time codes satisfying the BPSK binary rank criterion, then the -valued space-time code is an space-time code that satisfies the QPSK binary rank criterion and thus, for QPSK modulation, achieves full spatial diversity . Consequently, the overall ST-CPM achieves full diversity.
V. DESIGN CRITERION FOR LINEAR MODULATION APPROXIMATION TO CPM
The theorems in the previous section are very useful, but unfortunately, most CPM schemes considered in these theorems are very limited and are not very often encountered in real applications due to the relatively small memory length. In this section, we use the results in [21] and [22] to approximate the CPM signals as a sum of linearly modulated waveforms, then we apply the rank criteria derived for linear modulation. As the linear approximation tends to capture the main energy in the signal, it will be highly likely that the rank criteria derived for a linear approximation still apply to the original CPM waveform. (37) where is the modified data stream, is the principle pulse shape and is the linear modulation approximation in . Note that in the case of full response, i.e., , (36) is an exact expression.
A. Binary CPM With
Using the PAM decomposition in [21] , making is equivalent to making (38), shown at the bottom of the page, full rank over the complex field. For clarity, in our notation (39) Further specializing the results to , the modified data stream can be written as 5 ( 40) (41) where and are the codeword matrices before the PAM mapper and is the modulo-2 addition defined on . Since is the BPSK mapping and , are linear transformations of the binary inputs in , applying BPSK rank criterion [16] implies if all nonzero elements of are full rank on the binary field, then see (42), shown at the bottom of the page, is full rank over the complex field by the binary rank criterion. Since . . .
it follows directly that is also full rank over the complex field.
A direct result of the above theorem is that if a space-time code satisfies BPSK rank criterion, its Laurent approximation 5 For clarity j without subscript will denote p 01 while j (m) denotes the (m; i) element of j .
achieves full diversity when used in a GMSK CPM scheme like that used in the GSM standard.
B. 4-ary CPM With and
In [22] 
It is easy to verify that for the commonly used CPM scheme (e.g., RC, REC family) with the practical memory length (e.g., ), the principal pulse shapes , , and are linearly independent in , then we can have the following proposition.
Proposition 2: If shown in (B.5) is full rank on the complex field, and full diversity is achieved. Proof: Given in Appendix B. This proposition leads directly to two theorems which give design rules for 4-ary CPM.
. . . . . . . . .
Theorem 5: Let be a linear space-time code over with . Suppose that every nonzero code word satisfies QPSK binary rank criterion, then the linear modulation approximation for any 4-ary CPM with and based on the space-time code achieves full spatial diversity . Proof: If , and are QPSK mapping rotated by , where is the addition operated on modulo-4. Since and are linear transformations of the 4-ary inputs on they are full diversity by the rank criterion in [16] . The rotation does not change rank property and consequently using Proposition 2 gives that full spatial diversity is achieved.
Theorem 6: Let be a linear space-time code over with . Suppose that the binary projection of every nonzero code word satisfies BPSK rank criterion, then the linear modulation approximation for any 4-ary CPM with based on space-time code achieves full spatial diversity .
Proof: If , then and are BPSK mappings rotated by , where and are the binary projections of the original information and is the modulo-2 addition. These BPSK mapping achieve full diversity by the rank criterion in [16] . The rotation does not change rank property and consequently using Proposition 2 gives that full spatial diversity is achieved.
Comparing with the results in Section IV, we can see that the theorems given in this section consider partial response CPM formats with arbitrary number of transmit antennas. Partial response CPM usually achieves better bandwidth efficiency than the full response CPM and is often used in the real system. Since the linear approximation captures the main energy in the signal, it is highly probable that full rank of the linearized signal will not result in linear deficiency of the actual signal. For instance, rank criteria for binary 2RC and 2REC with are developed both in an exact manner and an approximate manner. This, in turn, demonstrates the approximation tends not to change the validity of the rank criteria. The validity of these design criteria is also demonstrated in the subsequent simulation results.
VI. SIMULATION RESULTS
In this section, we present some simulation results to verify the above theorems. In each simulation, the frame length is chosen to be 130 and there is no receive diversity. Each spatial channel is modeled as independent and Rayleigh fading.
A. Performance Curve for Theorem 4
For Theorem 4 we provide the performance curve of GMSK with two, three, and four transmit antennas. The phase smoothing function used in GMSK is given as [19] (51) They are full rank over binary field and according to [16, Th. 14] , the nonzero codewords generated by these matrices are full rank over . Therefore, applying our Theorem 4, they should guarantee full diversity with GMSK. The performance curves in Fig. 3 show that full diversity is achieved with the diversity level being .
B. Performance Curve for Theorem 2 and 5
For Theorem 2 and Theorem 5, we provide the performance curve of 4-ary 1RC with modulation index . RC stands for the phase smoothing function being the raised cosine pulse shape [19] . The simulated space-time codes are delay diversity, eight-state TSC code (give in [4] ) and eight-state BBH (given in [14] ). The generator matrix of 8-state TSC code is (54) whose row-based indicant is full rank on and the code satisfies QPSK binary rank criterion. The eight-state BBH code is a 
C. Performance Curve for Theorem 1 and Theorem 6
For Theorem 1 and Theorem 6 we provide the performance curve of 4-ary 1REC with modulation index . REC stands for the phase smoothing function being rectangular pulse shape [19] . The simulated space-time codes are delay diversity and eight-state BBH. As the binary projections of these codes meet BPSK binary rank criterion, full diversity is achieved. Fig. 5 shows simulated performance and the results confirm the theoretic analysis.
D. Performance Curve to Verify Theorem 3 and Theorem 4
In Section VI-A, we provided simulation performance of GMSK to verify that the approximation does not change the rank property. Here, we give the performance curve of binary with as another example. The space-time codes we simulated are: delay diversity, and . Since all the codes satisfy BPSK binary rank criterion, full diversity can be observed through the performance curves in Fig. 6 .
VII. CONCLUSION
In this paper, we have derived the design criterion to ensure full spatial diversity of space-time CPM system in quasi-static fading. Due to both the inherent memory and nonlinearity of CPM, it would be computationally prohibitive to use hand design or computer search to come up with space-time codes and systematic procedure is desirable. Through linear decomposition of CPM signals and applying the rank criteria available in linear modulation we are able to identify some general code construction with CPM. A meaningful result is that with the GMSK used in GSM standard, if the binary data satisfies the BPSK binary rank criterion full spatial diversity is guaranteed. These general criteria greatly simplify the search for powerful space-time codes in CPM. For linear codes we only need to check the generator matrices instead of all pairs of code words. Simulation results are provided to verify these design criteria and they demonstrate that full diversity is achieved as long as the space-time codes meet the rank criteria. Proceeding with induction, we have for (B.4) Equation (B.4) implies that (B.5), shown at the top of the page is not full rank over the complex field and provides the desired contradiction.
